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Abstract
A novel approach based on dynamic thermal vibration is proposed to calculate the heat capacity and thermal expansion
coefficient (TEC) for metal crystalline materials from 0 K to the melting point. The motion of metal atomic clusters is
decomposed into structural deformation and thermal vibration. Then thermal vibration equations are established by the
fourth-order Taylor expansion of Hamiltonian at the transient structural deformation position x¯. As a result, the thermal
vibration frequencies dynamically change with the structural deformation positions and temperatures. A parameter δ¯(x¯, T )
is newly introduced to illustrate how the thermal vibration frequencies vary with the temperature T . Besides, the modified
temperature-dependent Grüneisen parameter γ¯ (x¯, T ) is given. Finally, the formulae of heat capacity and TEC for metal
crystalline materials are derived from the dynamic thermal vibration frequencies and δ¯(x¯, T ) as well as γ¯ (x¯, T ). The numerical
results of heat capacity and TEC for metals Cu, Al, Au, Ag, Ni, Pd, Pt and Pb show a temperature dependence and agree well
with the experimental data from 0 K to the melting point. This work suggests an efficient approach to calculate thermodynamic
properties of metal materials for a wide range of temperatures, up to the melting point.
Keywords Metal crystalline materials · Heat capacity · Thermal expansion coefficient · Dynamic thermal vibration ·
Temperature dependence
1 Introduction
Thermodynamic properties of metal crystalline materials are
related to the thermal vibration behaviors of atomic clus-
ters. With harmonic approximation [1–3], the Hamiltonian
is obtained by the second-order Taylor approximation at the
lattice points. And the thermal vibration of atomic clusters is
reduced to a set of independent oscillators vibrating around
the lattice points at 0 K. The frequencies of these harmonic
oscillators are independent of the volume and temperature,
so that the heat capacity becomes constant at elevated tem-
peratures and the heat capacity at constant pressure is equal
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to the heat capacity at constant volume. In addition, there is
no thermal expansion [2–6].
Quasi-harmonic approximation (QHA) is further devel-
oped by assuming that the thermal vibration frequency
for the i th oscillator depends on the volume V , namely
ωi = ωi (V ) [4,5,7]. The Grüneisen parameter, denoted by
γi = −∂ ln ωi/∂ ln V , is introduced, which plays a vital
role in expressing heat capacity and thermal expansion coef-
ficient (TEC). With QHA, Motuzzi et al. [8] studied the
heat capacities and TECs of 14 nonmagnetic cubic met-
als at low temperatures. They provided a quasi-harmonic
treatment by applying the harmonic approximation at each
temperature stage and Grüneisen parameter was a constant.
The heat capacity and thermal expansion could be simulated
well with QHA at low temperatures. However, QHA is inac-
curate at high temperatures [4,5,7]. There have been some
researches focusing on improving QHA. Gan [9] derived a
compact matrix expression for linear TECs of metal chalco-
genides based on mode-dependent Grüneisen parameters
and the Grüneisen parameter was regarded as a function
of thermal vibration frequencies. Besides, the effects of the
higher-order terms in the Taylor expansion of Hamiltonian
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were investigated by Glensk et al. [10–14]. They studied
the interactions between oscillators caused by the higher-
order terms and derived the heat capacity and TEC from the
modified free energy with first principle theory. In addition,
other researchers [15–19] focused on the thermal vibration
frequencies by combining the ab initio density functional
theory (Ab-DFT) and density functional perturbation theory
with the QHA and Grüneisen parameter. The interactions
of the electrons are considered by taking the local density
approximation (LDA) or generalized gradient approximation
(GGA) as the exchange-correlation energy. The temperature-
dependent heat capacity and TEC are computed and their
results show smaller errors to the experiment data by com-
paring with the harmonic quantities.
Different from the previous works, the thermal vibra-
tion dynamically influenced by the temperature and stress
is analyzed in this paper, which is essentially based on the
thermo-mechanical coupling mechanism. In the atomistic-
continuum coupled (ACC) model proposed by Cui et al.
[20–22], the Hamiltonian is evaluated by a second-order
Taylor expansion at the transient structural deformation posi-
tions and the thermal vibration dynamically changes with the
state of structural deformation. They provided the formula
of heat capacity for crystalline metals Cu at room tempera-
ture. Besides, Albert et al. [23] studied the thermodynamic
properties by applying a third-order Taylor approximation
to Hamiltonian based on the quasi-harmonic approximation.
The heat capacity, TEC and elastic constant were calculated
at finite temperatures.
In this work, the heat capacity and TEC of metal crys-
talline materials are investigated, based on the ACC model.
The Hamiltonian is obtained approximately by the fourth-
order Taylor expansion at the transient structural deformation
position x¯. It should be noted that the transient structural
deformation position is quite different from the lattice point
at 0 K under the harmonic or quasi-harmonic approxima-
tion. The transient structural deformation position changes
with the temperature and the stress field. Therefore, the ther-
mal vibration frequency of the i th oscillator dynamically
depends on the transient structural deformation position x¯
and the temperature, namely ωdi = ωdi (x¯, T ). A parame-
ter δi (x¯, T ) = −∂ln ωdi /∂ln T is introduced to describe the
change rate of the thermal vibration frequency with respect
to the temperature. In addition, the Grüneisen parameter
γ¯ (x¯, T ) is modified as a temperature-dependent parame-
ter. Both two parameters are of great importance in the
calculation of heat capacity and TEC, especially at high tem-
peratures.
The remainder of this paper is outlined as follows. In
Sect. 2, we establish the thermal vibration equations by the
fourth-order Taylor expansion of Hamiltonian at transient
structural deformation positions and obtain the dynamic ther-
mal vibration frequencies by solving the equations with
Jacobi elliptic expansion method. Then thermodynamic
properties are derived from dynamic thermal vibration fre-
quencies in Sect. 3. Sections 4 and 5 display the algorithm
procedure and the numerical examples of heat capacity and
TEC for Cu, Al, Au, Ag, Ni, Pd and Pt, respectively. Finally,
we draw the conclusions in Sect. 6.
2 Analysis of dynamic thermal vibration
In this section, the motion of atomic system influenced by
the temperature and stress is decomposed into structure
deformation and thermal vibration. The thermal vibration
equations are established in transient equilibrium state, i.e.
the equilibrium state at different structural deformations
and temperatures. By solving the equations with Jacobi
elliptic-function method, the thermal vibration frequencies
that dynamically change with the structural deformation and
temperature are obtained.
2.1 The decomposition of atomic motion
A atomic cluster consisting of N atoms in a domain ΩR
is called as the representative volume element (RVE) and
it involves several crystalline lattices to characterize the
microstructure of crystalline materials. Considering the inter-
actions between the atoms in ΩR and their neighboring
atoms, an extended representative volume element (ERVE)
ΩE with NE atoms is defined [21,22], which contains all
the atoms in ΩR and their neighboring atoms. The RVE and
ERVE are shown in Fig. 1. The motion of the ith atom ΩR
can be decomposed into two parts: structural deformation
and thermal vibration (high-frequency vibration) [21,22]
xi = x¯i + x˜i ,
x˙i = ˙¯xi + ˙˜xi ,
(1)
Fig. 1 The RVE ΩR and ERVE ΩE (Color online)
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where xi = (x1i , x2i , x3i ) is the instantaneous position of the
i th atom with Cartesian coordinate; x˙i = (x˙1i , x˙2i , x˙3i ) is the
instantaneous velocity of the i th atom; x¯i = (x¯1i , x¯2i , x¯3i )
and ˙¯xi = ( ˙¯x1i , ˙¯x2i , ˙¯x3i ) denote the position and velocity
of structural deformation for the i th atom, respectively;
x˜i = (x˜1i , x˜2i , x˜3i ) and ˙˜xi = ( ˙˜x
1
i ,
˙˜x2i , ˙˜x3i ) denote the
displacement and velocity of thermal vibration for the
i th atom, respectively. The instantaneous position vector
for all atoms is defined as x = (x1, x2, . . . , xN ) =
(x11 , x
2
1 , x
3
1 , . . . , x
1
N , x
2
N , x
3
N ) and the velocity vector x˙ is
defined similarly.
The structural deformation position, x¯ = x¯( f , T ), is influ-
enced by the stress f and the temperature T . In this paper,
we only consider the structural deformation affected by tem-
perature, namely f = 0. Besides, the RVE considered is
in equilibrium state at different structural deformations and
temperatures.
2.2 The fourth-order Taylor expansion of
Hamiltonian
The Hamiltonian of RVE is expressed as
H(x¯ + x˜) = K ( ˙¯x + ˙˜x) + U (x¯ + x˜), (2)
where K ( ˙¯x+ ˙˜x) is the kinetic energy and U (x¯+ x˜) is the total
potential energy of RVE. And K ( ˙¯x + ˙˜x) is shown as follows
K ( ˙¯x + ˙˜x) = 1
2
( ˙¯x + ˙˜x)′M( ˙¯x + ˙˜x), (3)
where M = diag(m1, m1, m1, m2, m2, m2, . . . , m N , m N ,
m N ) is the mass matrix; mi is mass of the i th atom; the
superscript ′ denotes the transpose of vector or matrix. The
total potential energy U (x¯ + x˜) is given by
U (x¯ + x˜) = 1
2
N∑
i=1
NE∑
j=1, j =i
Ui (x¯i + x˜i , x¯ j + x˜ j ), (4)
where Ui (x¯i + x˜i , x¯ j + x˜ j ) is the potential energy of the i th
atom influenced by the j th atom, N and NE are the number
of atoms in RVE ΩR and ERVE ΩE , respectively.
Since the thermal vibration displacement is a small quan-
tity, the total potential energy can be approximately obtained
by the fourth-order Taylor expansion at the structural defor-
mation position x¯ as follows
U (x¯ + x˜) = U0(x¯) +
N∑
i=1
3∑
α=1
∂U (x)
∂xαi
∣∣∣∣
x=x¯
· x˜αi
+ 1
2!
N∑
i, j=1
3∑
α,β=1
∂2U (x)
∂xαi ∂x
β
j
∣∣∣∣
x=x¯
· x˜αi x˜βj
+ 1
3!
N∑
i, j,k=1
3∑
α,β,γ=1
∂3U (x)
∂xαi ∂x
β
j ∂x
γ
k
∣∣∣∣
x=x¯
· x˜αi x˜βj x˜γk
+ 1
4!
N∑
i, j,k,h=1
3∑
α,β,γ,τ=1
∂4U (x)
∂xαi ∂x
β
j ∂x
γ
k ∂x
τ
h
∣∣∣∣
x=x¯
· x˜αi x˜βj x˜γk x˜τh ,
(5)
where U0(x¯) is the potential energy at the structural defor-
mation position and is expressed as
U0(x¯) = 12
N∑
i=1
NE∑
j=1, j =i
Ui (x¯i , x¯ j ). (6)
The following first-order derivative of potential energy U (x)
with respect to xαi is regarded as the force for the i th atom at
α direction
∂U (x)
∂xαi
∣∣∣∣
x=x¯
= 1
2
NE∑
p=1,p =i
∂Ui (xi , xp)
∂xαi
∣∣∣∣
x=x¯
+ 1
2
N∑
l=1,l =i
∂Ul(xl , xi )
∂xαi
∣∣∣∣
x=x¯
. (7)
For the second-order expansion term, a 3N × 3N matrix
B(x¯) = (bi j (x¯)
)
(i, j = 1, 2, . . . , N ) is introduced as fol-
lows
B(x¯) =
⎛
⎜⎝
b11(x¯) . . . b1N (x¯)
...
. . .
...
bN1(x¯) . . . bN N (x¯)
⎞
⎟⎠ , (8)
where bi j (x¯) =
(
bαβi j (x¯)
)
is a 3×3 matrix and its components
bαβi j (x¯) (α, β = 1, 2, 3) are defined by the following two
cases:
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(i) i = j ,
bαβi i (x¯) =
∂2U (x)
∂xαi ∂x
β
i
∣∣∣∣
x=x¯
= 1
2
NE∑
p=1,p =i
∂2Ui (xi , xp)
∂xαi ∂x
β
i
∣∣∣∣
x=x¯
+ 1
2
N∑
l=1,l =i
∂2Ul(xl , xi )
∂xαi ∂x
β
i
∣∣∣∣
x=x¯
,
(9)
(ii) i = j ,
bαβi j (x¯) =
∂2U (x)
∂xαi ∂x
β
j
∣∣∣∣
x=x¯
= 1
2
∂2Ui (xi , x j )
∂xαi ∂x
β
j
∣∣∣∣
x=x¯
+ 1
2
∂2U j (x j , xi )
∂xαi ∂x
β
j
∣∣∣∣
x=x¯
. (10)
Similarly, the third-order tensor G(x¯) = (gi jk(x¯)
) (i, j, k =
1, 2, . . . , N ) and the fourth-order tensor Q(x¯) = (qi jkh(x¯)
)
(i, j, k, h = 1, 2, . . . , N ) are defined respectively, where
gi jk(x¯) and qi jkh(x¯) are 3×3×3 and 3×3×3×3 tensor and
their components gαβγi jk (x¯) (α, β, γ = 1, 2, 3) and qαβγ τi jkh (x¯)
(α, β, γ, τ = 1, 2, 3) are defined by
gαβγi jk (x¯) =
∂3U (x)
∂xαi ∂x
β
j ∂x
γ
k
∣∣∣∣
x=x¯
= ∂B(x)
∂x
γ
k
∣∣∣∣
x=x¯
, (11)
qαβγ τi jkh (x¯) =
∂4U (x)
∂xαi ∂x
β
j ∂x
γ
k ∂x
τ
h
∣∣∣∣
x=x¯
= ∂
2B(x)
∂x
γ
k ∂x
τ
h
∣∣∣∣
x=x¯
. (12)
2.3 The dynamic thermal vibration equations
The thermal vibration equations with different structural
deformations and temperatures, i.e. dynamic thermal vibra-
tion equations, are established in each transient equilibrium
state. The RVE considered in this work is in equilibrium
state under different structural deformations and tempera-
tures. Therefore, the velocity of structural deformation is
zero, namely ˙¯x = 0. The kinetic energy in (3) could be
expressed as
K ( ˙˜x) = 1
2
˙˜x′M ˙˜x. (13)
In addition, each atom of RVE is in equilibrium of force.
Thus, the first-order derivative of potential energy U (x) in
(7) is zero, namely
∂U (x)
∂xαi
∣∣∣∣
x=x¯
= 0. (14)
The Lagrange function is L = K ( ˙˜x) − U (x¯ + x˜), which
satisfies the following Lagrange motion equation [24,25]
d
dt
(
∂L
∂ ˙˜x
)
− ∂L
∂ x˜
= 0. (15)
Substituting (5) and (13) into (15) as well as applying
(8)–(12) and (14), the thermal vibration equation could be
obtained as follows
M ¨˜x = −∂U (x¯ + x˜)
∂ x˜
= −B(x¯)·x˜− 1
2
G(x¯)·x˜·x˜− 1
6
Q(x¯)·x˜·x˜·x˜,
(16)
where ¨˜x is the second-order derivative of x˜ with respect to
time t . B(x¯) is a real symmetric matrix expressed in (8) and it
has 3N non-negative eigenvalues ω2i (x¯) (i = 1, 2, . . . , 3N ),
which could be obtained by the orthogonal transformation
matrix (x¯) with the relation (x¯) = ′(x¯)B(x¯)(x¯). The
components gαβγi jk (x¯) of the tensor G(x¯) and the q
αβγ τ
i jkh (x¯) of
the tensor Q(x¯) respectively expressed by (11) and (12) are
described in details in “Appendix 1”. By the analysis of the
expressions of gαβγi jk (x¯) and q
αβγ τ
i jkh (x¯), it is worth noted that
the diagonal terms whose subscripts satisfy i = j = k = h
are of great importance since they assemble the values of the
other terms. Hence, we extract the diagonal terms gαβγi i i (x¯)
and qαβγ τi i i i (x¯) of the tensorG(x¯) andQ(x¯) for further analysis.
While the diagonal terms gαβγi i i (x¯) of G(x¯) are zeros in the
case that the RVE is in equilibrium state. More details about
the proof of gαβγi i i (x¯) = 0 are given in “Appendix 2”. Further,
in order to simplify calculation, we select the major terms
qαβγ τi i i i (x¯) (i.e. Qrrrr , r = 1, 2, · · · , 3N ) whose superscripts
satisfies α = β = γ = τ to study the effects of the high-
order expansion terms on thermal vibration.
The thermal vibration displacements x˜ can be transformed
to normal vibrational mode by the following normal trans-
formation of coordinates
x˜ = (x¯)s. (17)
Substituting (17) into (16) and then premultiplying ′(x¯),
the thermal vibration equation of the i th vibrator with normal
coordinates s is expressed by
mi s¨i + ω2i (x¯)si +
1
6
λi (x¯)s
3
i = 0, i = 1, 2, . . . , 3N , (18)
where λi (x¯) = ∑3Nr=1 Qrrrr (x¯)4ri (x¯) is the coefficient influ-
enced by the high-order items. The above thermal vibration
equations are established at each equilibrium state of struc-
tural deformation influenced by stress and temperature. The
vibration equation for each oscillator could be regard as an
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undamped and non-forced Duffing equation [26]. Jacobian
elliptic-function method is adopted here to find its nonsin-
gular periodic-wave solution [26–28]. Hence, the vibration
function of the i th vibrator is
si (t) = ai cn
(
ωˆi (x¯)t, ki (x¯)
)
, (19)
where cn
(
ωˆi (x¯)t, ki (x¯)
)
is Jacobian elliptic cosine function,
the parameters ωˆi (x¯) and ki (x¯) are given by
ωˆi (x¯) =
√
ω2i (x¯)
mi
+ λi (x¯)a
2
i
6mi
,
ki (x¯) =
√
λi (x¯)a
2
i
12mi ωˆ2i (x¯)
.
(20)
The coefficient ai is vibration amplitude, which is related to
the following initial conditions:
si (t0) = 0, s˙i (t0) = ˙˜x0i . (21)
Since the total energy of the ith oscillator
Ei = 12 mi s˙
2
i +
1
2
ω2i (x¯)s
2
i +
1
24
λi (x¯)s
4
i , (22)
then by (21) and energy conservation law, we have mi ( ˙˜x0i )2 =
ω2i (x¯)a
2
i + λi (x¯)a4i /12. Thus, the coefficient ai is expressed
as
ai =
√
6
λi
(√
ω4i (x¯) + λi (x¯)mi ( ˙˜x
0
i )
2/3 − ω2i (x¯)
)1/2
. (23)
The period of vibration function (19) is Γi = 4ωˆi (x¯)
∫ π/2
0
(
1−
k2i (x¯) sin
2 ϕ
)− 12 dϕ. By Taylor expansion, the period Γi can
be written as
Γi = 4
ωˆi (x¯)
∫ π/2
0
(
1 + 1
2
k2i (x¯) sin
2 ϕ + O(k4i (x¯) sin4 ϕ)
)
dϕ.
(24)
The thermal vibration is of high frequency and small
amplitude. And the amplitude is a small quantity relative
to the structural deformation position and it satisfy ai  1.
Therefore, the relation k2i (x¯)  1 is easy to obtained accord-
ing to (20). Therefore, we drop the terms that higher than
k2i (x¯) sin2 ϕ in (24) in the next calculation. Then the period
above can be expressed approximately by Γi ≈ 2π(1 +
1
4 k
2
i (x¯)
)
/ωˆi (x¯). Besides, ωˆi (x¯) ≈ ωi (x¯)(1 + k2i
(
x¯)
)
/
√
mi .
Therefore, the dynamic thermal vibration frequency of the
i th vibrator is
 di (x¯, T ) =
2π
Γi
= ωi (x¯)√
mi
(
1 + λi (x¯)a
2
i
16
(
ω2i (x¯) + λi (x¯)a2i /6
)
)
,
i = 1, 2, . . . , 3N . (25)
The superscript d denotes that the thermal vibration fre-
quency of each vibrator dynamically depend on the structural
deformation x¯( f , T ) and the temperature T . Based on
dynamic thermal vibration, the heat capacity and thermal
expansion coefficient will be obtained in the next section.
3 Heat capacity and TEC of metal crystalline
materials
In this section, according to the statistical thermodynamics
[3,7,24], the heat capacity and thermal expansion coefficient
(TEC) for metal crystalline materials are derived from the
dynamic thermal vibration frequencies.
3.1 The formula of heat capacity
The energy Ens in ns level is given by
Ens (x¯, T ) = U0(x¯) +
3N∑
i=1
((
ns + 12
)
h¯ di
)
,
ns = 0, 1, 2, . . . , (26)
where U0(x¯) is the energy expressed by (6),  di =  di (x¯, T )
is the dynamic thermal vibration frequency of the i th vibrator
shown in (25) and h¯ is Planck constant. Then the partition
function of RVE is shown as follows
Z =
∑
ns
e−βEns (x¯,T ) = e−βU0(x¯)
3N∏
i=1
e−h¯ di /2kB T
1 − e−h¯ di /kB T
, (27)
where β = 1/kB T and kB is Boltzmann constant.
Before deriving the formula of heat capacity for metal
crystalline materials from the partition function, we intro-
duce the following temperature-dependent parameter δi to
describe how the thermal vibration frequency with tempera-
ture
δi = δi (x¯, T ) = −∂ ln 
d
i (x¯, T )
∂ ln T
, i = 1, 2, . . . , 3N . (28)
The first-order derivative of δi with respect to temperature is
∂δi
∂T
= − T
 di
∂2 di
∂T 2
+ δi
T
+ δ
2
i
T
. (29)
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For metal crystalline materials, the thermal vibration fre-
quency have an approximate linear relationship with the
temperature in the range of 0 K to the melting point , which
has been validated by Fig. 2 in numerical results of Sect. 5.
Thus, we obtain ∂2 di /∂T 2 ≈ 0, it follows that
∂δi
∂T
≈ δi
T
+ δ
2
i
T
. (30)
Besides, according to (28) and the expression T = 1/kBβ,
we have
∂
∂β
(
h¯ di
kB T
)
= (1 + δi )h¯ di . (31)
Then the internal energy E¯(x¯, T ) can be obtained by (27),
(28), (31) as follows
E¯(x¯, T ) = − ∂
∂β
ln Z
= U0(x¯) +
3N∑
i=1
(1 + δi )
(
1
2
h¯ di +
h¯ di
eh¯
d
i /kB T − 1
)
≈ U0(x¯) + (1 + δ¯)
3N∑
i=1
(
1
2
h¯ di +
h¯ di
eh¯
d
i /kB T − 1
)
,
(32)
where δ¯ is the average value of δi (i = 1, 2, . . . , 3N ) and is
expressed as
δ¯ = δ¯(x¯, T ) = 1
3N
3N∑
i=1
δi (x¯, T ). (33)
Further, the frequency distribution function f (ω) in Debye
model [1–3,7] is adopted here,
f (ω) =
{
lω2, ω ∈ [ωmin, ωmax],
0, ω ∈ [0, ωmin) ∪ (ωmax,+∞),
(34)
where l = 9N/(ω3max −ω3min) is the normalization constant;
ωmin and ωmax are
ωmin = min
1≤i≤3N{
d
i (x¯, T )}, ωmax = max1≤i≤3N{
d
i (x¯, T )}.
(35)
Besides, we denote
θdi = θdi (x¯, T ) =
h¯ di
kB
∈ [θmin, θmax], (36)
where θmin = h¯ωmin/kB and θmax = h¯ωmax/kB . By apply-
ing (34)–(36), the internal energy (32) can be approximately
rewritten as the following integral form
E¯(x¯, T ) = U0(x¯)
+ (1 + δ¯)
∫ ωmax
ωmin
(
1
2
h¯ω + h¯ω
eh¯ω/kB T − 1
)
f (ω) dω
= U0(x¯) + (1 + δ¯)ckB T 4
∫ θmax/T
θmin/T
(
1
2
+ 1
eζ − 1
)
ζ 3 dζ,
(37)
where c = 9N/(θ3min − θ3max) and ζ = h¯ω/kB T . Fur-
thermore, the maximum value θmax is recognized as Debye
temperature [2,7], namely ΘD = θmax.
According to the internal energy E¯(x¯, T ) in (32), the fre-
quency distribution function in (34), the expressions (28),
(30) and (36), we can obtain the heat capacity CV at con-
stant volume and the heat capacity CP at constant pressure
as follows
CV =
(
∂ E¯(x¯, T )
∂T
)
V
= ckB T 3
∫ θmax/T
θmin/T
eζ
(eζ − 1)2 ζ
4 dζ,
(38)
CP =
(
∂
(
E¯(x¯, T ) + PV )
∂T
)
P
= (1 + δ¯)2CV + PV αV ,
(39)
where P is the pressure, V is the volume and αV is the TEC
that defined by (45).
3.2 The formula of TEC
By the partition function in (27) and the expression (36), the
Helmholtz free energy is expressed as
F(x¯, T ) = −kB T ln Z
= U0(x¯) + kB T
3N∑
i=1
(
1
2
θdi
T
+ ln
(
1 − e−θdi /T
))
.
(40)
According to the dynamic thermal vibration frequency
 di (x¯, T ) in (25) and Ref. [4,5], the Grüneisen parameter
γi (x¯, T ) is defined by
γi (x¯, T ) = −∂ ln 
d
i (x¯, T )
∂ ln V
. (41)
It should be pointed out that Grüneisen parameter depend on
both the temperature T and structural deformation position
x¯ in this work. Besides, the first-order derivative of θdi with
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respect to the volume is (∂θdi /∂V )T = γi (x¯, T )θdi /V . Then
the pressure can be obtained with (40) and (41) as follows
P(V , T ) = −
(
∂ F(x¯, T )
∂V
)
T
= −
(
dU0(x¯)
dV
)
T
+ kB γ¯V
3N∑
i=1
θdi
(
1
2
+ 1
eθ
d
i /T − 1
)
, (42)
where γ¯ is the average value of γi (i = 1, 2, . . . , 3N ) and is
expressed as
γ¯ = γ¯ (x¯, T ) = 1
3N
3N∑
i=1
γi (x¯, T ). (43)
When the pressure P(V , T ) remains a constant, there exists
the relation
(
∂ P
∂T
)
V
+
(
∂ P
∂V
)
T
·
(
∂V
∂T
)
P
= 0. (44)
Thus, it is easy to obtain the formula of TEC as follows
αV = 1V
(
∂V
∂T
)
P
= − 1
V
(∂ P/∂T )V
(∂ P/∂V )T
. (45)
According to the numerical results shown in Fig. 3, the ther-
mal vibration frequency change linearly with the volume
approximately, namely ∂2 di /∂V
2 ≈ 0. Thus,
∂γ¯
∂V
= − V
 di
∂2 di
∂V 2
+ γ¯
V
+ γ¯
2
V
≈ γ¯
V
+ γ¯
2
V
(46)
Then substituting (42) into (45) and applying (46), we have
(
∂ P
∂T
)
V
= γ¯ CV
V
,
(
∂ P
∂V
)
T
= γ¯
2T CV
V 2
−
(
∂2U0(x¯)
∂V 2
)
T
,
(47)
where CV is the heat capacity defined by (38). Therefore, by
substituting (47) into (45), the formula of volumetric TEC
can be written as
αV = γ¯ CVB0(x¯)V − γ¯ 2T CV , (48)
where B0(x¯) = V · (∂2U0(x¯)/∂V 2)T is the bulk modulus.
The linear thermal expansion coefficient αl satisfies αl =
αV /3 for isotropic material.
4 Algorithm procedure
The detailed algorithm procedure for predicting the heat
capacity and TEC of metal crystalline materials is stated as
follows:
(i) Construct an initial lattice configuration with the lattice
constant a0 (shown in Table 1) as the RVE; The ERVE
is chosen as 1.5–3.0 times the RVE.
(ii) Relax the ERVE by LAMMPS software with the NPT
ensemble at T = T0 with the pressure P = 0 and com-
pute the current temperature Tcur until Tcur is steadily
near the temperature T ;
(iii) Export the data of current configuration at T and the
velocities at T from LAMMPS; Then record the struc-
ture deformation positions x¯(T ) and the velocity ˙˜x0 of
all atoms in RVE and ERVE;
(iv) Build the matrix B(x¯) according to (8)–(10) and the ten-
sor Q(x¯) expressed by (12) at the structural deformation
position x¯(T ), respectively.
(v) Compute 3N eigenvalues ω2i (x¯), i = 1, 2, . . . , 3N at T
by the standard orthogonal transformation matrix (x¯)
and then the 3N dynamic thermal vibration frequency
 di
(
x¯(T ), T
)
expressed by (25) are obtained;
(vi) Set T = T0 + T and go to the Step (ii) to recalculate
 di
(
x¯(T ), T
)
until the temperature T is slightly higher
than the melting point, where T is the temperature
step;
(vii) Calculate the parameter δi (x¯, T ) and γi (x¯, T ) of 3N
vibrators by (28) and (41) at different temperatures.
Therefore, the heat capacity CV and CP , and the TEC
αV at different temperatures could be obtained by (38),
(39), (45), respectively.
5 Numerical examples
The heat capacity and TEC for face-centered cubic (fcc) met-
als Copper (Cu), Aluminum (Al), Gold (Au), Silver (Ag),
Nickel (Ni), Palladium (Pd), Platinum(Pt) and Plumbum (Pb)
from 0 K to the melting point are calculated to validate our
approach. The material parameters of these metals are shown
in Table 1. The RVE is set as 14.46 Å×14.46Å×14.46Å,
which contains 64 lattices. And the size of ERVE is
18.075 Å×18.075 Å×18.075 Å. The temperature changes
from T0 = 0 to Tend for each metal with T = 10 K, where
the temperature Tend is a multiply ofT and is slightly higher
than the melting point. Besides, the potential energy for the
metal materials is chosen as EAM potential energy and it is
expressed as follows [29–32]
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Table 1 The material
parameters of eight metals Metals Cu Al Au Ag Ni Pd Pt Pb
a0( ˚A) 3.615 4.045 4.073 4.073 3.521 3.889 3.917 4.950
M(u) 63.55 26.98 196.97 107.87 58.71 106.40 195.09 207.19
M .P.(K ) 1357.6 933.5 1337.6 1235.1 1728.0 1827.0 2045.0 600.6
a0 is the lattice constant, M .P. is the melting point, M denotes the relative atomic mass, 1u = 1.66083 ×
10−27 kg
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Fig. 2 The variation tendency of thermal vibration frequency with respect to the temperature from 0 K to the melting point for single atom of Cu,
Al, Au, Ag, Ni, Pd, Pt and Pb (Color online)
U =
∑
i
⎛
⎝F
⎛
⎝
∑
j =i
ρ(ri j )
⎞
⎠ + 1
2
∑
j =i
V (ri j )
⎞
⎠ , (49)
where ri j = |xi − x j | is the distance between the i th and j th
atom, ρ¯i = ∑ j =i ρ(ri j ) is the electron cloud density, V (ri j )
and F(ρ¯i ) are the pair potential energy and embedded atom
energy, respectively.
Figures 2 and 3 show the thermal vibration frequency
of Cu, Al, Au, Ag, Ni, Pd, Pt and Pb at different temper-
atures and volumes. It is obvious that the frequency have
approximate linear relationship with the temperature as well
as volume.
Figures 4 and 5 display the values of the parameter δ¯(x¯, T )
and Grüneisen parameter γ¯ (x¯, T ) of Cu, Al, Au, Ag, Ni, Pd,
Pt and Pb from 0 K to the melting point, respectively. It is
found that both the parameter δ¯(x¯, T ) and γ¯ (x¯, T ) have an
approximate linear relationship with temperature. Therefore,
the polynomial fitting formulae for δ¯(x¯, T ) and γ¯ (x¯, T ) are
shown as follows
δ¯(T ) = p0T ,
γ¯ (T ) = q0 + q1T . (50)
Table 2 displays the fitting coefficients p0, q0 and q1 of
δ¯(x¯, T ) and γ¯ (x¯, T ) for metals Cu, Al, Au, Ag, Ni, Pd, Pt
and Pb.
Figure 6 illustrates the numerical results of heat capacity
for Cu, Al, Au, Ag, Ni, Pd, Pt and Pb from 0 K to the melt-
ing point in present work, comparing with the data under
harmonic approximation [1,2], quasi-harmonic approxima-
tion [4,5] and experimental data [33]. The results of heat
123
Computational Mechanics
42 43 44 45 46
2.2
2.4
2.6
2.8
3
1013
42 43 44 45 46
2.8
3
3.2
3.4
3.6
1013
42 43 44 45 46
1.6
1.7
1.8
1.9
2
1013
42 43 44 45 46
1.4
1.6
1.8
2
2.2
1013
42 43 44 45 46
2.6
2.8
3
3.2
3.4
1013
42 43 44 45 46
2
2.2
2.4
2.6
2.8
1013
42 43 44 45 46
2
2.1
2.2
2.3
2.4
2.5
1013
42 43 44 45 46
0.95
1
1.05
1.1
1013
Fig. 3 The variation tendency of thermal vibration frequency with respect to volume of one lattice for Cu, Al, Au, Ag, Ni, Pd, Pt and Pb (Color
online)
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Fig. 4 The parameter δ¯ of metals Cu, Al, Au, Ag, Ni, Pd, Pt and Pb
from 0 K to the melting points (Color online)
capacity show a temperature dependence. At temperatures
lower than Debye temperature, the harmonic data, quasi-
harmonic data and the data of present work could match the
experimental data well. However, as temperature grows to
the melting point, the harmonic data become constant and
the quasi-harmonic data deviate from the experimental data
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3
Fig. 5 The Grüneisen parameter γ¯ of metals Cu, Al, Au, Ag, Ni, Pd,
Pt and Pb from 0 K to the melting points (Color online)
Table 2 The fitting coefficients for γ¯ and δ¯
The fitting coefficients Cu Al Au Ag Ni Pd Pt Pb
p0(×10−4) 1.12 1.21 1.05 1.51 0.95 1.05 0.71 1.63
q0 2.09 1.90 2.67 2.44 2.06 2.60 2.63 2.30
q1 (×10−4) 1.43 1.00 1.50 2.31 1.20 2.02 1.00 2.01
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Fig. 6 Comparison of the
harmonic data [1,2],
quasi-harmonic data [4,5],
experimental data [33] and the
present work for the heat
capacity at constant pressure
from 0 K to the melting points: a
Cu; b Al; c Au; d Ag; e Ni; f Pd;
g Pt; h Pb (Color online)
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Fig. 7 Comparison of the
quasi-harmonic data [4,5],
experimental data [33,34] and
the present work for the TEC
from 0 K to the melting points: a
Cu; b Al; c Au; d Ag; e Ni; f Pd;
g Pt; h Pb (Color online)
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gradually. While the data of present work are in good agree-
ment with the experimental data both at temperatures lower
and higher than Debye temperature, up to the melting point.
Figure 7 displays the numerical results of TEC for Cu, Al,
Au, Ag, Ni, Pd, Pt and Pb from 0 K to the melting point in
present work, comparing with the data under quasi-harmonic
approximation [4,5] and the experimental data [33,34]. The
linear TEC has an analogous tendency as heat capacity. Sim-
ilarly, the superiority of our approach is validated again by
TEC. The numerical results of TEC based on our approach
show better performance than the quasi-harmonic data, espe-
cially at the temperature higher than Debye temperature.
As can be observed from Figs. 6 and 7, both the results
of heat capacity and TEC of our approach are superior to the
data under harmonic or quasi-harmonic approximation. The
thermal vibration frequency obtained by (25) dynamically
depend on the structural deformation and the temperature.
Both the parameter γ¯ and δ¯ are temperature-dependent. Thus,
at each temperature stage, the heat capacity and TEC that
derived from the dynamic thermal vibration frequencies and
the parameter γ¯ as well as δ¯ match the experimental data.
6 Conclusions
In this paper, we study the heat capacity and thermal
expansion coefficient (TEC) of metal crystalline materials
by considering the dynamic thermal vibration. The Tay-
lor expansion terms of Hamiltonian up to fourth-order are
applied to establish the thermal vibration equations. It is
worth to emphasize that the expansion points are at the tran-
sient structural deformation positions which influenced by
the temperature and the stress. The thermal vibration fre-
quencies are obtained by solving thermal vibration equations
through Jacobi elliptic-function method. As a conclusion,
the thermal vibration frequencies dynamically change with
the structural deformation and the temperature. The rela-
tion of the thermal vibration frequency with the temperature
plays a vital role to illustrate heat capacity and TEC in the
case of high temperatures. Further, the parameter δ¯(x¯, T )
and Grüneisen parameter γ¯ (x¯, T ), which show a linear cor-
relation of the temperature, are introduced to derive the
formulae of heat capacity and TEC. The numerical results
for fcc metals Cu, Al, Au, Ag, Ni, Pd, Pt and Pb are in
good agreement with the experimental data from 0 K to
the melting point, relative to the harmonic data and quasi-
harmonic data. The approach developed in this paper could
be extended to investigate the thermodynamic properties of
other metal crystalline materials or their alloys with different
lattice structures.
Acknowledgements This research was financially supported by the
National Key Research and Development Program of China (2016YFB1
100602), National Natural Science Foundation of China (51739007,
11501449), the Fundamental Research Funds for the Central Universi-
ties (3102017zy043), and the China Postdoctoral Science Foundation
(2018M633569).
Appendix 1: The components of the tensor
G(x¯) and Q(x¯)
In this appendix, we present the detailed expressions of the
component gαβγi jk (x¯) and q
αβγ τ
i jkh (x¯) for tensor G(x¯) and Q(x¯),
according to the definition expressed by (11) and (12).
The total potential energy U (x) in (4) can be written as
follows
U (x) = 1
2
N∑
i=1
NE∑
j=1, j =i
Ui (ri j ), (A.1)
where x = (x11 , x21 , x31 , . . . , x1N , x1N , x1N ) and ri j =
(
(x1i −
x1j )
2 + (x2i − x2j )2 + (x3i − x3j )2
)1/2 is the distance between
the i th and j th atoms.
By (A.1) and (11), the components gαβγi jk (x¯) of tensorG(x¯)
are presented by the following three cases:
(i) i = j = k, i = 1, 2, . . . , N and α, β, γ = 1, 2, 3.
gαβγi i i (x¯) =
1
2
NE∑
p=1,p =i
∂3Ui (rip)
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
+ 1
2
N∑
l=1,l =i
∂3Ul(rli )
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
. (A.2)
(ii) i = j = k, i, k = 1, 2, . . . , N and α, β, γ = 1, 2, 3.
gαβγi ik (x¯) = gαβγiki (x¯) = gαβγkii (x¯)
= 1
2
∂3Ui (rik)
∂xαi ∂x
β
i ∂x
γ
k
∣∣∣∣
x=x¯
+ 1
2
∂3Uk(rki )
∂xαi ∂x
β
i ∂x
γ
k
∣∣∣∣
x=x¯
.
(A.3)
(iii) i = j = k, i, j, k = 1, 2, . . . , N and α, β, γ = 1, 2, 3.
gαβγi jk (x¯) = 0. (A.4)
Similarly, with (A.1) and (12), the components qαβγ τi jkh (x¯)
of tensor Q(x¯) can be shown as the following three cases:
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(i) i = j = k = h, i = 1, 2, . . . , N and α, β, γ, τ =
1, 2, 3.
qαβγ τi i i i (x¯) =
∂4U (x)
∂xαi ∂x
β
i ∂x
γ
i ∂x
τ
i
∣∣∣∣
x=x¯
= 1
2
NE∑
p=1,p =i
∂4Ui (rip)
∂xαi ∂x
β
i ∂x
γ
i ∂x
τ
i
∣∣∣∣
x=x¯
+ 1
2
N∑
l=1,l =i
∂4Ul(rli )
∂xαi ∂x
β
i ∂x
γ
i ∂x
τ
i
∣∣∣∣
x=x¯
.
(A.5)
(ii) i = j = k = h or i = j = k = h, i, h = 1, 2, . . . , N
and α, β, γ, τ = 1, 2, 3.
qαβγ τi i ih (x¯) = qαβγ τi ihi (x¯) = qαβγ τihii (x¯) = qαβγ τhiii (x¯)
= 1
2
∂4Ui (rih)
∂xαi ∂x
β
i ∂x
γ
i ∂x
τ
h
∣∣∣∣
x=x¯
+ 1
2
∂4Uh(rhi )
∂xαi ∂x
β
i ∂x
γ
i ∂x
τ
h
∣∣∣∣
x=x¯
qαβγ τi ihh (x¯) = qαβγ τihih (x¯) = qαβγ τhihi (x¯)
= qαβγ τhhii (x¯) = qαβγ τihhi (x¯) = qαβγ τhiih (x¯)
= 1
2
∂4Ui (rih)
∂xαi ∂x
β
i ∂x
γ
h ∂x
τ
h
∣∣∣∣
x=x¯
+ 1
2
∂4Uh(rhi )
∂xαi ∂x
β
i ∂x
γ
h ∂x
τ
h
∣∣∣∣
x=x¯
(A.6)
(iii) i = j = k = h or i = j = k = h, i, j, k, h =
1, 2, . . . , N and α, β, γ, τ = 1, 2, 3.
qαβγ τi jkh (x¯) = qαβγ τi jkk (x¯) = qαβγ τj ikk (x¯)
= qαβγ τkki j (x¯) = qαβγ τkk ji (x¯)
= qαβγ τki jk (x¯) = qαβγ τk jik (x¯)
= qαβγ τik jk (x¯) = qαβγ τjkik (x¯)
= qαβγ τkik j (x¯) = qαβγ τk jki (x¯)
= qαβγ τikk j (x¯) = qαβγ τjkki (x¯) = 0.
(A.7)
Appendix 2: The proof of g˛ˇiii (x¯) = 0
Proof According to the definition of (11) and the expression
(A.2), the term gαβγi i i (x¯) is expressed as
gαβγi i i (x¯) =
∂3U (x)
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
= 1
2
NE∑
p=1,p =i
∂3Ui (rip)
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
+ 1
2
N∑
l=1,l =i
∂3Ul(rli )
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
.
(A.8)
where
∂3Ui (rip)
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
=
[
∂3Ui (rip)
∂(rip)3
· ∂rip
∂xαi
· ∂rip
∂x
β
i
· ∂rip
∂x
γ
i
+∂
2Ui (rip)
∂(rip)2
·
(
∂2rip
∂x
β
i ∂x
γ
i
· ∂rip
∂xαi
+ ∂
2rip
∂xαi ∂x
γ
i
· ∂rip
∂x
β
i
+ ∂
2rip
∂xαi ∂x
β
i
· ∂rip
∂x
γ
i
)
+ ∂Ui (rip)
∂rip
· ∂
3rip
∂xαi ∂x
β
i ∂x
γ
i
]∣∣∣∣
x=x¯
,
∂3Ul(rli )
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
=
[
∂3Ul(rli )
∂(rli )3
· ∂rli
∂xαi
· ∂rli
∂x
β
i
· ∂rli
∂x
γ
i
+∂
2Ul(rli )
∂(rli )2
·
(
∂2rli
∂x
β
i ∂x
γ
i
· ∂rli
∂xαi
+ ∂
2rli
∂xαi ∂x
γ
i
· ∂rli
∂x
β
i
+ ∂
2rli
∂xαi ∂x
β
i
· ∂rli
∂x
γ
i
)
+ ∂Ul(rli )
∂rli
· ∂
3rli
∂xαi ∂x
β
i ∂x
γ
i
]∣∣∣∣
x=x¯
.
(A.9)
Since the RVE we considered is in transient equilibrium
state, each atom is in equilibrium of forces at any direction.
Thus, there exist paired centrosymmetric atoms around each
atom. As is shown in Fig. 8, the pth and qth atoms are cen-
trosymmetric with respect to the i th atom. And r¯i p = r¯iq ,
where r¯i p is the distance between the i th and pth atoms, and
r¯αqi is the distance between the i th and qth atoms. It is easy
to obtain that
∂rip
∂xαi
∣∣∣∣
x=x¯
= −∂riq
∂xαi
∣∣∣∣
x=x¯
,
∂rip
∂xαi ∂x
β
i
∣∣∣∣
x=x¯
= ∂riq
∂xαi ∂x
β
i
∣∣∣∣
x=x¯
,
∂3rip
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
= − ∂
3riq
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
, ∀α, β, γ = 1, 2, 3.
Fig. 8 The equilibrium state of i th oscillator at α(α = 1, 2, 3) direction
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∂Ui (rip)
∂rip
∣∣∣∣
x=x¯
= ∂Ui (riq )
∂riq
∣∣∣∣
x=x¯
,
∂2Ui (rip)
∂(rip)2
∣∣∣∣
x=x¯
= ∂
2Ui (riq )
∂(riq )2
∣∣∣∣
x=x¯
,
∂3Ui (rip)
∂(rip)3
∣∣∣∣
x=x¯
= ∂
3Ui (riq )
∂(riq )3
∣∣∣∣
x=x¯
, ∀i = 1, 2, . . . , N .
(A.10)
Substituting the relations (A.10) into (A.9), it yields that
∂3Ui (rip)
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
+ ∂
3Ui (riq)
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
= 0,
∂3Up(rpi )
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
+ ∂
3Uq(rqi )
∂xαi ∂x
β
i ∂x
γ
i
∣∣∣∣
x=x¯
= 0.
(A.11)
Finally, combining (A.8)–(A.11), the proof gαβγi i i (x¯) = 0 is
completed. unionsq
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